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COMPOSITION OPERATORS BETWEEN ALGEBRAS
OF DIFFERENTIABLE FUNCTIONS

JOAQUIN M. GUTIERREZ AND JOSE G. LLAVONA

ABSTRACT. Let E, F be real Banach spaces, U C E and V C F non-
void open subsets and CK(U) the algebra of real-valued k-times continuously
Fréchet differentiable functions on U, endowed with the compact open topol-
ogy of order k. It is proved that, for m > p, the nonzero continuous algebra
homomorphisms A: C™(U) — CP(V) are exactly those induced by the map-
pings g: V — U satisfying ¢og € CP(V) foreach ¢ € E*, in the sense that
A(f)= fog forevery f € C™(U). Other homomorphisms are described too.
It is proved that a mapping g: ¥ — E** belongs to CK(V, (E**, w*)) if and
only if ¢og € CkK(V) for each ¢ € E*. It is also shown that if a mapping
g:V — E verifies o g e Ck(V) foreach ¢ € E*, then g€ Ck-1(V,E).

0. INTRODUCTION

Homomorphisms between function algebras on Banach spaces have been de-
scribed in recent years by various authors: for instance, [3, 13] deal with algebras
of continuous functions, and [2, 11] with algebras of differentiable functions.

Let Ck,(E) denote the algebra of k-times continuously differentiable real-
valued functions on the real Banach space E such that the functions and their
derivatives are weakly uniformly continuous on bounded subsets. It is proved
in [2] that the nonzero (algebra) homomorphisms 4: C? (E) — CL,(F) (m >
p) are exactly those induced by the mappings g: F — E** satisfying ¢ o
g € CB,(F) for each ¢ € E*, in the sense that A(f) = fo g where f is
the extension of f € C (E) to the bidual of E. Since CJ, (E) is a real
Fréchet algebra, it can be proved that these homomorphisms are automatically
continuous.

It was then natural to try to describe the continuous homomorphisms A:
C"(U) - CP(V) (m>p),where UCFE and V C F are open, and C"(U)
is the algebra of all m-times continuously differentiable real-valued functions on
U endowed with one of the natural topologies: the compact open topology of
order m (77) and the compact-compact topology of order m () (definitions
below). This is the problem we solve here. Some of our results are the following:

(a) A is 1" — 1§, continuous if and only if it is induced by a mapping
g:V — U satisfying ¢poge CP(V) (p€E*);

Received by the editors December 4, 1990 and, in revised form, May 9, 1991.

1991 Mathematics Subject Classification. Primary 46E25, 46G0S5; Secondary 26E15.

Key words and phrases. Differentiable mappings between Banach spaces, algebras of differen-

tiable functions, homomorphisms, composition operators.
Research supported in part by DGICYT Project PB 87-1031 (Spain).

© 1993 American Mathematical Society
0002-9947/93 $1.00 + $.25 per page




770 J. M. GUTIERREZ AND J. G. LLAVONA

(b) A4 is 7 — 14 continuous if and only if it is induced by a C? mapping
g: V — U whose derivatives are compact polynomials.

These results are proved by first showing that if g: V' — E satisfies ¢ o
geCP(V) (¢ € E*), then g € CP(V, E}.) where E}. is the bidual of E
endowed with the weak-star topology. As a consequence we prove that such
a function belongs to C?~!(V, E). This is the real analogue of a well-known
result on holomorphic mappings: if £ and F are complex Banach spaces, and
V C F is a nonvoid open subset, then a mapping g: V' — E is holomorphic
if and only if, for every ¢ € E*, ¢ o g is holomorphic [17, 8.12]. In the
differentiable case, this property is stated in [7, 2.6.2] but we do not know of
any published proof.

1. NOTATIONS, DEFINITIONS, AND PRELIMINARY RESULTS

Throughout, E, F, and G will be real Banach spaces, E* and E**, the
dual and the bidual, respectively, of E. The weak-star topology is denoted
by w* and we write E}. = (E*, w*). Bg is the closed unit ball of £ and
@(E) the family of all nonempty open subsets of E. Givenaset A C E, A°
stands for its polar. E} will denote the space E* endowed with the topology of
compact convergence. R represents the real line, N the set of natural numbers
including 0, and N* = NU {oo}.

For n € N, L("E, F) denotes the Banach space of all n-linear continuous

mappings from E" = E x A E into F, endowed with the norm
4]l = sup{||4(x1, ..., xa)ll: [lxil <1, 1<i<n}.

L(E, F) stands for L('E, F). Ly("E, F) is the subspace of L("E, F) con-
sisting of all symmetric n-linear continuous mappings. Z("E, F) will denote
the Banach space of all n-homogeneous continuous polynomials from E to F,
endowed with the norm ||P| = sup{||P(x)||: |Ix|| < 1}.

The map T: L;("E, F) —» P("E, F), given by T(A4A) = P with P(x) =
A(x, ™ x), is a topological isomorphism [18, §3]. We write 4 = P and
say that P is the symmetric n-linear continuous mapping associated to the
polynomial P. The following inequalities hold:

IP|| < |P|| < (n"/n)||P]|.

P("E, F). will be the space of n-homogeneous continuous polynomials
endowed with the topology of uniform convergence on compact subsets of E .
Pk ("E, F), the space of n-homogeneous compact polynomials from E to
F | consists of all P € P ("E, F) such that P(Bg) is relatively compact in
F. #,("E, F) isthe setof all P € #("E, F) whose restrictions to bounded
subsets of E are weakly (uniformly) continuous; it is a subspace of Pk ("E, F)
[16, 4.5.9 and 4.1.1].

If Ued(E), then C"(U, F) (resp. C}}(U, F)) denotes the vector space
of all m-times continuously differentiable mappings in the Fréchet (resp.
Hadamard) sense from U to F. General results on differentiable mappings
may be seen in [14] or [22].

For U € @(E), we define two topologies in the space C™ (U, F) that only
coincide when E is finite dimensional:

(a) the topology 7)' (compact open of order m), given by the seminorms
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px(f) = sup{||d’ f(x)||: x € K, 0 < j < m} (where d°f = f), for
each compact subset K c U .

(b) thetopology 7 (compact-compact of order m), introduced by Llavona
[15] and Prolla [19], given by the seminorms

px.L(f) =sup{|lf (Il ld’ fxX)W)ll: xeK, yeL, 1<j<m}
for every pair of compact subsets K c U and L C E.

The space C}J(U, F) is always endowed with the topology 7.
In [1, 4] the following classes of differentiable functions were introduced:

(a) the space CZ'(U, F) of compact differentiable mappings of order m,
consisting of all f € C™(U, F) such that for every x € U, d/ f(x) €
Fx(E,F) (1<j<m).

(b) C™(U, F) is the space of all mappings f € C™(U, F) such that for
each xeU and jeN, (1<j<m), dif(x)e PuwE, F);

(c) Cm (U, F) consistsof all f € C"(U, F) such that the derivative map
dif:U - P,(E, F) is weakly uniformly continuous on bounded
subsets of U, for 0<j<m.

If a mapping between Banach spaces is weakly uniformly continuous on
bounded subsets, then it takes bounded sets into precompact ones [16, 4.1.1].
Therefore, it is possible to endow the space Cp, (U, F) with the topology 7}’
generated by the family of seminorms

pe(f) =sup{|ld’ f(x)|: x € B,0 < j < m},

for each bounded set Bc U .

If E* has the bounded approximation property, then the polynomials of
finite type from E to F aredensein (C/'(E, F), t}) andin (CJ\(E, F), 1}')
[4].

Throughout, when the range space is omitted, it is understood to be R. Thus,
cmU)y=C™U,R), P("E)=P("E, R), etc.

2. COMPOSITION OPERATORS

In this section, it is shown that every nonzero continuous homomorphism be-
tween algebras of differentiable functions is induced by a mapping. By standard
techniques (see for instance [10]), the following result may be proved:

2.1. Proposition. Let p € N*\{0}. If ®: (C?(U), t4) — R is a nonzero con-
tinuous homomorphism, then there is a unique x € U such that ®(f) = f(x)
for every f e CP(U).

This result remains valid when replacing the algebra (C?(U), 1) by (C?(U),
%) or CEH(U).

2.2 Theorem. Let p, m € N*\{0}, U e @(E), V € @(F) and let a nonzero
algebra homomorphism A: C™(U) — CP(V) be given. A is supposed to be
continuous when C™(U) is endowed with one of the topologies t7', ™" and
CP(V) is also endowed with one of the topologies 1%, t7. Then there is a
unique map g:V — U such that A(f)= fog foreach fe€ C™U).

Proof. Let d, be the evaluation map at a point y € V. Then J,04 is a
nonzero continuous homomorphism from C™(U) to R, so there is a unique
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x € U such that A(f)(y) = dy c A(f) = f(x) for every f € C™(U). If
g:V — U is the mapping taking y into x, then A(f) = f o g for each
feCm(U). Itis easy to see that g must be unique. O

Since E* ¢ C™(U), we have ¢po g = A(p) € CP(V) for each ¢ € E*.
The theorem still holds for algebras of Hadamard differentiable functions.

3. WEAKLY DIFFERENTIABLE MAPPINGS

For V € @(F), suppose the map g: V' — E is such that ¢ o g € CP(V)
for each ¢ € E*. We shall then say that g is weakly C?, or weakly p-times
continuously differentiable, and prove that g € C?(V, E;%). This result will
be important in the following section.

As a consequence, it is also proved that every mapping g as above belongs to
the space CP~!(V, E). This property was stated in [7, 2.6.2] but we have not
found any proof of this fact in the literature, unless F is finite dimensional:
see the appendix of [20] for F =R".

We first need a lemma on polynomial spaces:

3.1. Lemma. For j € N\{0}, LP(/F, E**) and P('F, E}.) coincide as vec-
tor spaces.

Proof. 1t is clear that P(/F, E**) C P(/F, E.). Let now a polynomial P €
P(F, EL%) be given. Then P(Bf) is weak-star bounded (so norm bounded)
in E** and hence P € #(F, E**) [17, 2.4].

3.2. Theorem. Let g: V — E** be a mapping, where V € @(F). Let p € N*.
Then g e CP(V, E}.) ifand only if $o g e CP(V), for every ¢ € E*.
Proof. Take first p = 0. If ¢o g is continuous for each ¢ € E*, then given
x€eV,e>0, ¢ € E*, thereis § > 0 so that whenever ||[x —y||<d (yeV),
we have |¢(g(x)) — ¢(g(y))| < €, and thus g: V — E}% is continuous. The
converse is obvious.

Let now p > 1. For the nontrivial part, suppose ¢ o g € CP(V) (¢ €
E*). Following [2, Theorem 3.3], define the map g;: V — P(/F, E}.) by

w*

gi(y)(x)(¢) =d’/(pog)(y)(x),for yeV, xeF, e E*,and 1 <j<p.
The maps g; are well defined. Indeed, for every ¢ €e E*, yeV, x € F,

M d(g 0 £)¥)(x) = lim < ($ 0 )y +1x) ~ (0 )(»)).

There is § > 0 such that the set {tr7'(g(y +1x)— g(»)): 0 < |t| < 8} is
bounded: otherwise we would find a sequence #, — 0 in R so that the vectors

Cn=(1/ta)(g(y + tnx) — g(¥))

verify ||{,|| > n, and then lim, {,(¢#) would not exist for some ¢ € E*, in
contradiction with (1). Hence, there is M > 0 such that

sup{|g1(¥)(x)(®)|: ¢ € Bg-} = sup{|d(po g)(y)(x)|: ¢ € Bg-} <M,

so g1(y)(x) € E**. It is now easily proved that g;(y) € L(F, E}}").
By induction and using similar arguments, it is not difficult to see that g;(y)(x)
€ E** and g;(y)e PUF,E;.) (1<j<p).
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We shall now prove that g; = d/g. For each boundedset BC F, ye V,
and ¢ € E*:

lim 1~} (g(y + £x) - g(v) — & (V)(1x))(9)
= &Egt_'((¢ 0 g)(y +1tx)— (¢og)(y)—d(¢og)y)(tx)) =0,
uniformly for x € B. Hence,
lim 1~} (g(y + x) - g(¥) — & ()(2x)) = 0

in E}%. uniformly for x € B, and g; is the derivative of g.

Assume now that g;, ..., gj— are the first j — 1 derivatives of g, with
j<p. For y eV fixed, let uﬁ :F — PU-'F, EX.) be the linear mapping
given by

w(x)(2) = &) (x, 2, U0, 2)  (x,z€F),
where g;(y) is the symmetric j-linear map associated to the polynomial g;(y).
We only have to show that, for any bounded set B C F, one has
2) lim 1 (g1 (v + 1) = g-1(y) = ) (1x)) = 0
in #(-'F, E}%), uniformly for x € B. .

Fix ¢ € E*. Let v;’ 4 be the linear mapping associated to d’/(¢ o g)(y), as

we did above for ) . Since ¢o g € C/(V), we have

P_f}(} 1@ (po g)y +1x)(2) —d/ " (¢ 0 g)¥)(2) — v 4(tx)(2)) =0
uniformly for x, z € B. Now, v} ,(1x)(z) = w}(tx)(z)(¢), so we have
lim (g1 (v + 1)(2) ~ 81 (7)(2) = w)(1x)(2))(9) = O

uniformly for x, z € B, and (2) follows.

Finally, g; is continuous. Indeed, let B C F be bounded, x € V fixed,
¢ >0, ¢ € E*. By the continuity of d/(¢og): V — P(F), thereisa d >0
such that whenever ||[x —y||<d (y € V), we have
|8;(%)(2)(¢) — &;(¥)(2)(9)] = |d’ ($og)(x)(2) —d’ (¢og)(¥)(2)| <&  (z€B).

Hence, g; is continuous and therefore g € C/(V, E;.). O

33. Lemma. Let p € N, V € O(F), and g € CP(V,E}.). For j €
{1,...,p}, K CV compact, and B C F bounded, the set d'g(K)(B) is
bounded in E**.

Proof. By the continuity of d’/g, d/g(K) is compact in P(/F, E}.). Since,
for every ¢ € E*, the set

V(g,B,1)={PeP(UF,E;.): |P(y)(¢) <1 (yeB)}
is a zero neighborhood, we can find x;, x;, ..., x, € K such that

d’g(K) c | Jdg(xi) +V(g, B, 1).

i=1

Since d’/g(x;)(B) is bounded, we conclude that d’/g(K)(B) is bounded. O

The segment whose bounds are x, y € F will be denoted by [x, y].
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3.4. Proposition. Let p € N*\{0} and V € &@(F). The space CP(V , E;%) is
contained in CP~Y(V , E**).

Proof. Without loss of generality, we can suppose ¥ convex.
For p=1,let K C V be a convex compact set, x € K fixed. For y € K
and g € CY(V, E..), we have, by the mean value theorem [22, 1.3.3]:

llg(x) — g)ll = sup{|#(g(x) — g(¥))|: ¢ € Bg-}
<llx —ylisup{ll¢odg(z)|: z € [x, y], ¢ € Bg-}
<llx=yll-M

where M > 0 is given by Lemma 3.3. Hence g: V' — E** is continuous.

For p > 2,take g€ CP(V,E}.), y € V fixed, BC F bounded, & € B,
peE”,and 2<j<p.

Let w): F — P(/~'F, Ej.) be the continuous linear map given by

W(x)(z)=dg)(x, 2, U=V, 2)  (x,z€F).
Consider the differentiable map f: R — Z(/=2F) given by
f(t)=¢o(d'2g(y +th) —u}_,(th)).
By the mean value theorem:

ﬁ!lf(t) —~ fO)ll < sup{|L.f' WI: A€ [0, 7}
Now,
I A = 1 o (3 (h) — w_, ()]

= sup {|¢ o d'g(y+ih)—d'~' g))(h, z, U2, 2)|}
z€Br

< Clld’= (@0 )y +Ah)—d" (o )W) A,
where C = (j — 1)/~1/(j = 1)! (see §l).
Applying again the mean value theorem, we have
a7~ ($ 0 g)(y + 4h) — &'~ ($ 0 £)(¥)Il < lIAhI| sup{ll¢ o w* || 6 € [0, 1]}
Moreover,
160 *0¥|| < [lg o dg(y + BAR)| < Nligll [l g(v + 6AR)],

where N = j//j!.
From Lemmas 3.1 and 3.3, the map d/g: V — P(F, E**) is bounded on
compact sets. So, it is locally bounded [8, Theorem 14.7]. Hence,

1

lim T ld/=*g(y + th) —d’"*g(y) — w)_, (th)]
. 1 : ;
=lim sup —ll¢po(d/2g(y +th) —d’"2g(y) — w)_,(th))]
1—00¢€B£. |tl

< lim CN||2h| 4]} sup{|d’ g(y + 04h)|: 6 € [0, 1], 2 €[0, 11} =0,

uniformly for 2 € B, and we conclude that g: VV — E** is (j — 1)-times
differentiable.
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Finally, d?~!g is continuous. Indeed, let K C V' be a convex compact set,
x € K fixed, y € K, h € Br. By the mean value theorem
P~ g(x)(h) — dP~'g(y) ()|
= sup{|¢ o (d”"'g(x) —d”'g(y))(h)|: ¢ € Bg-}
<y = xl|sup{[l¢ouy(h)||: z € [x, y], ¢ € Bg-}
<|ly - xlsup{ll¢ o d”g(2)|: z € [x, ], ¢ € Br:}
< |ly - x||Lsup{||d”g(z)|: z € [x, y1},
where L = p?/p!. Now, Lemma 3.3 allows us to conclude. O

3.5. Remark. If g € CP(V, EX.), we cannot in general conclude that g €
CP(V,E*). In [16, 11.3.2] a function g: R — ¢y is given so that g ¢
C!(R, l) and ¢oge C!(R) foreach ¢ €/;,s50 g€ CI(R, (I, w*)).

3.6. Corollary. For V € @(F), we have C>®(V , Ex.) = C>(V, E**).

Proof. By Proposition 3.4, C>(V, E}%) Cc C=(V, E**). The converse is
clear. O

We now show that a weakly C? mapping is of class CP~!.

3.7. Corollary. Let p € N*\{0} and V € @(F). Suppose g:V — E is such
that ¢o g € CP(V) for each ¢ € E*. Then g€ CP~Y(V , E).

Proof. For p = 1, the result follows from Theorem 3.2 and Proposition 3.4.
For p > 2, applying 3.2, g € CP(V, E}%) and, from 3.4, g € CP~\(V, E*).
Now, given ye V, he F:

dg(y)(h) =lim i~ [g(y + th) - (V)]

For every t # 0, t~'[g(y + th) — g(y)] € E. Hence, the limit lies in E, and
g € CY(V, E). In the same way we can prove that g € C/(V, E) whenever
1<j<p-1. O

If E, denotes the space £ endowed with the weak topology, the following
corollary is now immediate.

3.8. Corollary. Let g: V — E be a mapping, with V € @(F). The following
assertions are equivalent:

(a) ge C>(V, E);

(b) forevery ¢ € E*, poge C®(V);

(c) g€ C=(V, Ey).

The next example shows that given p € N\{0} and a mapping g: V — E
such that ¢o g € CP(V) for each ¢ € E*, it is not in general true that g €
CP(V, Ey), since the pth derivative lies in E**.

3.9. Example. Let g: R — ¢y be the function given by g(7) = (wa(1))52,
where w,(f) = (1/n)sinnt (t € R). It is easy to check that ¢ o g € CY(R) for
every ¢ = (¢,)%2, € [}, with

($o8) (1) = $uwi(t).
n=1
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Hence, g € C!(R, (/», w*)). Furthermore,

dg(0) = (Wh(0)2y = (1, 1, 1, ...) € le\co-
We remark that this map is weakly C! but is not differentiable.

4. COMPOSITION OF DIFFERENTIABLE MAPPINGS

The main result in this section states thatif V e @(F), U € @(E), g:V —
U is a weakly C? mapping, and f: U — R is of class C?, then the composi-
tion map fog isof class C?. Some stability properties of the classes C?(E, F)
and CJ,(E, F) under composition with C? functions are also analysed.

The proof of the following lemma is straightforward and omitted.

4.1. Lemma. If X, Y|, Y, are locally convex spaces and f;: X — Y; (i =
1, 2) are differentiable mappings, then the map f: X — Y|, x Y, defined by
f(x)=(fi(x), L(x)) (xe€X) is diﬁ"erentiable and

df(x)(h) = (dfi(x)(h), dfa(x)(h))  (x,heX).

4.2. Proposition. Let p, m € N*\{0}, m >p. If U € O(E), V € O(F),
and g:V — U is a mapping such that ¢ o g € CP(V') for every ¢ € E*, then
fogeCP(V) foreach fe C™(U).

Proof. By Theorem 3.2, g € CP(V, EX%).

(a)Let p=1.For y e V,wehave dg(y) € L(F, E;-) and df(g(y)) € E*.
Following the argument of [22, 1.2.9], it is easy to see that d(f o g)(y) =
df(g(y))odg(y).

Moreover, d(f o g): V — F* is continuous. Indeed, let (y,) C V be a
sequence converging to y € V. Since dg: V — P('F, E**) is continuous
for ¢ > 0, there is n; € N so that (dg(y,) —dg(y))(z) € (¢/2){df(g(¥))}°
(z € BF) for n > n;. Let M = sup{||dg(yn)||: n € N} < o (Lemma 3 3).
There is n > 0 such that whenever ||g(y) — x|| < n, for x € U, we have
ldf(g(y)) — df(x)|| < €¢/2M . Since g is continuous (Corollary 3.7), there is
ny € N so that ||g(y.) —g)ll <n for n>ny.

Therefore, for n > max{n,, n,} we have

ldf(g(yn)) odg(yn) —df(g(y)) odg(y)ll
< |ldf(g(yn)) o dg(yn) —df(g(y)) ocdg(yn)ll
+ df(g(y)) odg(yn) —df(g(y)) odg(y)l
<é€.

(b) For arbitrary p, the proof needs too complicated notations. Therefore,
we only prove the result for the case p = 2, which contains all the ideas needed
in the general case. By (a), d(f o g) is the composition of the following two
maps:

S:y eV (dgy),df(gy)) € L(F, E}X) x E*,
T:(A,¢) € L(F,E)xE*— gode F*.

T is differentiable [22, 3.1.1], and so is S by the preceding lemma. Thus,
applying the chain rule [22, 1.2.9]:

d(T o S)(y)(h) =dT(S(y))(dS(y)(h))
=df(g(y))od(dg)(y)(h)+d(df)(g(y))dgy)(h)odg(y),
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where we have applied the formula giving the derivative of the composition
map [22, 3.1.1]. Hence,

d*(fog)y)(hi, hy) = df (gW)(d*g(y)(h , h2))
+d* f(g)dg(y)(h), dg(y)(ha)).

(c) Finally, d*(fog): V — ZP(®F) is continuous. Indeed, let (y,) C V be
a sequence converging to y € V. By Lemmas 3.1 and 3.3, we can take

M = max{1, sup{[|d>f(gwn))ll, ldgyn)I, lld*g(ya)ll: n € N} < oo.

Given ¢ > 0, there is ng € N so that for n > ny we have
ldg(vn) —dg(y)|l <&/8M?,
> f(g(yn)) — d*f(gW))ll < &/4M,
df(g(yn)) —df (gl < &/4M,

|df (g(y))(d*8(yn)(h) — d*g(y)(h))| < ¢/4 (h € BF),
since (d%g(yn) — d?g(y)), converges to zero in P(2F, E}%). A routine

n=1
calculation now shows that, for n > ng,

|d*(f o g)(wn)(h) —d*(fog)(¥)(h) <e  (he€BF). O

4.3. Proposition. Let p € N*\{0}, W € @(G), V € O(F), ge CE(W, V),
and fe€ C°(V,E). Then foge C2(W,E).

Proof. The derivatives d’g(x) (x € W, 1 < j < p) are weakly continuous on
bounded subsets of G . Taking the chain rule into account [22, 1.8.3], it is easy

to check that the polynomial d/(f o g)(x) is weakly continuous on bounded
subsets, and so foge C?(W,E). O

In the next proposition we use the fact that for 4 € L(XF | E), we have

4wy, uzy ..., ug) — A(vy, va, e, vl
S| A(uy, uay oo, Ug) — AUy, Uy, ooy Uy, Ul
+ ”A(ul, U2y ooe s Ug—1 vk)_A(ul > U2y eee s Uy Uk)“
+---+I|A(u.,v2, RN 'Uk)—-A(’Ul,’Uz, e ’Uk)”
k
o (2 S 172 R 7 [ VA A [ ey Py e
r=1

4.4. Proposition. Let p € N*\{0}, W €@(G), V € O(F), g€ CL.(W, V),
and fe€ CP(V,E). Then foge CL, (W, E).
Proof. 1t is enough to show that, for 0 < j < p, the map di(fog):W —
Zup(’G, E) is weakly uniformly continuous on bounded sets. This is clear for
J=0.For 1<j<p (p finite),let BC W bebounded, x € W,and y €.
By the chain rule [22, 1.8.3], d/(f o g)(x)(¥) is a finite sum of terms of the
form

d* f(g(x))d"g(x)(y), ..., d"g(x)(»))
where 1 < k < j and iy + -+ = /. Since d"g(B) c #("G, F) and
d*f(g(B)) c L(*F, E) are precompact (see §1), we can take

M = max{1, sup{||d* f(g(x))Il, lld"g(x)|l: x€B, 1 <r<k}}<oc.
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Given ¢ > 0, there is 7 > 0 such that whenever ||g(x;)—g(x2)]l <n (x1, x2 €
B), we have

la* f(g(x1)) — d* f(g(xa)ll < &/2M7 .
Moreover, there is a weak zero neighborhood W in G, such that, whenever
X1 —X €W (x1, x; € B), we have

lg(x1) —glx)ll<n and  |ld"g(x)) —d"g(x)ll <&/2jM’ (1<r<k).
To simplify notation, we write

Qu, v) =d*f(g(u))(d" g)(y), ..., d"g)»)).

For y € Bg, and x;, x; € B with x; — x; € W, we have

19(x1, x1) = Q(x2, x2)||
<Q(x1, x1) = Q(x1, x2)[| + 1Q(x1, x2) — Q(x2, X2)||

k
< |Id* f(ge)I Y lld" g(x)W)] -+ ld"= g () (W)l

r=1

~lld" g (1) (v) = d"g(x2) W) ld" g 2) Il -+~ ld™ g (x2) W)l

k

+|d* f(g(x1)) = d* f(g L)) I T 14" g (x2) W)l
r=1

k€ € k

< kM W + WM <e.

Hence, foge CP (W, E). Slight modifications are needed for p=cc. O

5. CHARACTERIZATIONS OF HOMOMORPHISMS BETWEEN ALGEBRAS
OF DIFFERENTIABLE FUNCTIONS

We prove that the continuous homomorphisms between algebras of Hada-
mard differentiable functions are exactly those induced by Hadamard differen-
tiable mappings. Later on, we give one of the main results: namely, for m > p,
the continuous homomorphisms from C™(U) into C?(}’) when both algebras
are endowed with the compact open topology, are exactly those induced by the
weakly C? mappings from V' to U. The continuous homomorphisms for the
compact-compact topology are also described. Finally, we analyse the relation-
ship among continuities for different topologies and we conclude with a brief
note on automatic continuity.

Let us recall that, for a Hausdorff locally convex space X, the &-product
XeE = L,(E}, X) is the space of all continuous linear operators from E}
to X endowed with the topology of uniform convergence on equicontinuous
subsets of E*. The following result will be needed:

5.1. Proposition. For V € @(F) and m € N*\{0}, the following topological
isomorphisms hold.

(a) CH(V, E)~Cg(V)eE [6, Theorem 10];

(b) (CH,(V, E), ") =(Cy(V), 1)eE [16, Theorem 8.1.1];

(¢) (CP(V, E), ) = (C™(V), TMeE [1, p. 220];

(d) (C™(V,E), t")~(C"V), t™"eE [16, Theorem 8.1.4].
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All these isomorphisms are defined in the following way: to each f in the first
space, we associate the operator ¢ — ¢o f in the e-product.

In order to characterize the homomorphisms between algebras of Hadamard
differentiable functions, we need a preliminary lemma:

52. Lemma. Let p e N*\{0}, V €@ (F),and g CL(V,E). If KCV is
a compact set, then d’g(K)(K) is compactin E, for 1 <j<p.

Proof. It is enough to prove that the map ®: K x K — E given by ®(x, y) =
d’g(x)(y) is continuous. Let ((x,, ¥»))32, be a sequence in K x K converging
to (x,y) and let ¢ > 0. Using the contmulty of dig:V — P(F,E)., we
can find ny € N so that for n > ny we have

(d’g(xn) —d’g(x))(M)|| <&/2  (heK)
and
ld7g(x)(vn) —d'g(x)V)Il < &/2.
Therefore, _ 4
d’g(xn)(¥n) —d’g(x)(¥)l <e. O

5.3. Theorem. Let p, m € N*\{0}, m >p, U e G(E), V € @(F). The
nonzero continuous homomorphisms A: CH(U) — C{(V) are exactly those
induced by the mappings g € C5(V , U) by means of the formula A(f) = fog
(f e CHU)).

Proof. Let A be a nonzero continuous homomorphism. By the comment after
Theorem 2.2, there is a mapping g: V' — U such that A(f) = fog (f €
CR(U)). Moreover, A|g-: Er — C§(V) belongs to C4(V)eE . By Proposition
5.1(a), there is a mapping g; € C;(V, U) such that A|g-(§) = pogy (¢ € E*).
Thus, pog=A() =¢og (€ E”),soforeach y eV, ¢(g(y)) = d(&1(y))
(¢ € E*), and hence g = g,. Conversely, given g € C{(V, U), we define the
homomorphism A(f) = fog (f € CF(U)). Let (f,) be a net converging
to zero in CjJ(U). If K C V is compact then, applying Lemma 5.2 and the
chain rule [22, 1.8.3], we see that (f, o g) converges to zero in C§(V), so A4
is continuous. O

Another lemma, analogous to 3.3 and 5.2, is needed:

5.4. Lemma. Let p e N*\{0}, Ve€&(F),and je{l,...,p}. Then:
(a) for g€ CE,(V,E) and B CV bounded, d’g(B)(Br) C E is precom-
pact;
(b) for g€ CR(V, E) and K C V compact, d’g(K)(Br) C E is precom-
pact.

Proof. (a) Since d’g(B) c #,,('F, E) is precompact (see §1), given ¢ > 0,
we can find x;, ..., x, € B such that for every x € B thereis k € {1, ..., n}
for which ||dfg(x) -dfg(xk)ll < &/2. By the precompactness of d’g(xy)(Br),
we can find a finite subset S, C Br such that, for any y € Br, there is z € S,
with ||d/g(x,)(y) — d’g(x,)(z)|| < €/2. Then, for x € B and y € B, there

exist k € {1, ..., n}, a finite subset S; C Br and z € Sy such that
ld’g(x)(y) — d’ g(xi)(2)|l < lld’ g(x)(v) — d’ (xk)(y)ll
+lld’ g(xi) () — )2l

<e. O
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(b) Since d’/g(K) is compact in P (‘F, E) and, for x € V, d/g(x)(BF)
is precompact in E , the proof is like in (a).

One of the main purposes of this study was the description of the continuous
homomorphisms for the compact open topology, which is contained in (a) of
the next theorem. The other assertions show that when the domain algebra
is endowed with the compact-compact topology, then the inducing mapping is
continuously differentiable up to the order of the range algebra.

5.5. Theorem. Let p, m € N*\{0}, m >p, U e @(E), V € O(F). The
nonzero continuous homomorphisms A in the table are exactly those induced by
the corresponding mappings g: V — U, by means of the formula A(f)= fog
for every f e C™(U):

Homomorphism A Inducing map g:V — U
(@) (C™(U), ") - (CP(V), 1) | poge CP(V) for each ¢ € E*
(b) (C™(U), ") — (CP(V), 1£) geCh(V,U)and
poge CP(V) foreach ¢ € E*
(c) (C™(U), 17") = (Chu(V), T3) g€ Ch,(V,U)
(d) (C™(U), ) = (CP(V), T0) geCp(V,U)
(e) (C™(U), =) = (C4(V), T0) geC(V,U)

Proof. The proof is similar to that of Theorem 5.3. We only quote the previous
results needed in each case:

(a) uses Proposition 4.2, Lemma 3.3, and Theorem 2.2.

(b) uses Proposition 5.1(a) and Theorem 5.3, since (C™(U), 1) is a sub-
space of Cf(U), and Proposition 4.2.

(c) uses Propositions 5.1(b) and 4.4 and Lemma 5.4(a).

(d) uses Proposition 5.1(c) and Lemma 5.4(b).

(e) needs Propositions 5.1(d) and 4.3 and Lemma 5.4(b), since C?(V, U) C
ck(v,U). O

5.6. Remarks. (a) The nondifferentiable map g: R — ¢y of Example 3.9 in-
duces a continuous homomorphism from (C!(c), ) to CY(R).

(b) Not every mapping g € Ch(V, U) satisfies po g € CP(V) (¢ € E*).
Indeed, if E = R and F = L![0, 1], in [21, 2.2] an example is given of a
mapping g € C}(F, E) which is not (weakly) differentiable.

(b) Neither can we drop condition g € C4(V, U) in Theorem 5.5(b). In-
deed, the function g: R — ¢o of 3.5 satisfies ¢po g € Cl(cy) (¢ €/;), but does
not belong to C4(R, ¢p) = C!(R, ¢o).

In the following corollary, for U € @(E) and V € &(F), we say that a
homomorphism A: C™(U) — CP(V) is t; — 1, continuous if it is continuous
when C™(U) and CP(V) are endowed with the topologies 7, and 7, respec-
tively.

5.7. Corollary. Let A: C™(U) — CP(V) be an algebra homomorphism, with
p, m e N*\{0}, m > p. We consider the following assertions:

(a) 4 is ©™ — 1, continuous;
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(b) A4 is " — 1% continuous;

(c) A is " — 1 continuous.
Then (a) < (b) < (c). For p = oo, all three are equivalent.
Proof. (c¢) = (b) and (a) = (b). Obvious.

(b) = (a). Apply Theorems 2.2 and 5.5(a).

In general, (a) does not imply (c): the mapping g: R — ¢y of Remark 5.6(c)
induces a 7} — 7} continuous homomorphism from C!(¢) into C!'(R) which
is not 7! — 7! continuous. The equivalence of the three assertions for p = oo
follows from the fact that CiP(V, U) and C*°(V, U) coincide as linear spaces
[9, Proposition 2.6 and Remark]. O

Up to now, we have excluded the possibility m < p. The reason is that, for
m < p, any continuous homomorphism A4: C"(U) — CP(V), when C™(U) is
endowed with one of the topologies 7/ or 7" and C?(V) is endowed with 74,
or 72, is induced by a constant mapping g: ¥ — U . This can be proved by a
slight modification of [16, 11.2.7].

We end with a short analysis on automatic continuity. We first state a result
on real-valued homomorphisms, due to Jaramillo.

5.8. Theorem [12]. Let m € N*\{0} and U € @(E), where E satisfies one of
the following conditions:
(a) E* is w*-separable;
(b) E has nonmeasurable cardinal and admits C™-partitions of unity,
(c) E is a closed subspace of C(K) where K is a separable compact space;
(d) E is a closed subspace of a superreflexive space with nonmeasurable
cardinal.

Then, any nonzero homomorphism ®: C™(U) — R is a point evaluation
in the sense that there is a unique x € U such that ®(f) = f(x) for each
fecCcmU).

Condition (a) is fulfilled by separable spaces and their duals. Condition (b)
is satisfied, for instance, by co(/) where I is any index set and L2"(u) for
n € N and any measure u. The definition of measurable cardinal may be seen
in [5, 1.7]. Anyway, the condition imposed in (b) and (d) to the cardinal of E
is very mild because it is not known whether any measurable cardinal exists.

5.9. Corollary. Let p, m € N*\{0}, U € &(E), and V € &@(F), where E
satisfies any of the conditions of the previous theorem. Then every homomor-
phism A: C™(E) — CP(F) is automatically continuous when both algebras are
endowed with the compact open topology of order m and p respectively.

Proof. The argument of Theorem 2.2 provides a mapping g: V' — U such that
A(f)=fog (f e C™U)). Since pog € C?(V) forany ¢ € E*, we conclude
from Theorem 5.5(a) that A is 7 — 7§, continuous. O

It is interesting to remark that however there are discontinuous homomor-
phisms from (C'(c), t!) to C'(R) (see Corollary 5.7).
The authors are grateful to the referee for his very valuable suggestions.

Added in proof. In a paper to appear in Monatsh. Math., Bistrom and Lind-
strém have proved that Theorem 5.8 is valid for a larger class of Banach spaces,
including the W C G spaces and their duals.
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